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Abstract
Steady two-dimensional non-Newtonian second grade fluid is studied under the influence of temperature dependent viscosity
and thermal conductivity. The viscosity is assumed to vary inversely as linear function of temperature while the thermal conductivity
varies directly as linear function of temperature. Also, effects of radiative heat, viscous dissipation and heat source/sink are
considered in the energy equation. The basic governing partial differential equations for the velocity and temperature are
transformed to ordinary differential equations (ODEs) using appropriate similarity variables. These coupled nonlinear ODEs have
been solved approximately subject to appropriate boundary conditions by Runge–Kutta shooting technique. The quantitative effects
of emerging dimensionless physical parameters on the velocity, temperature, skin friction and heat transfer rate are displayed
graphically. The numerical investigation of the variable thermo-physical properties of a second grade fluid over a stretching sheet
provides an extension to previous work.
c⃝ 2015 The Authors. Production and Hosting by Elsevier B.V. on behalf of Nigerian Mathematical Society. This is an open access
article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction
The study of boundary layer behaviour of fluids with stretching of elastic sheet from a fixed point with or without
varying velocity has applications in manufacturing processes; for instance paper making, polymer processing, food
processing, oil recovery etc. The popular Navier–Stokes fluid has been used to model and analyze various aspect
of stretching sheet by many researchers (see Refs. [1–6] for details). It is however known that Newtonian fluid has
limited industrial applications. Hence, the need for non-Newtonian fluids with particular emphasizes on the second
grade fluid.
Peer review under responsibility of Nigerian Mathematical Society.
∗ Corresponding author.
E-mail address: topeakinbobola@yahoo.com (T.E. Akinbobola).
1 Current address: Department of Mathematics, University of Lagos, Akoka, Yaba, Lagos, Nigeria.
http://dx.doi.org/10.1016/j.jnnms.2015.10.002
0189-8965/ c⃝ 2015 The Authors. Production and Hosting by Elsevier B.V. on behalf of Nigerian Mathematical Society. This is an open access
article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
332 T.E. Akinbobola, S.S. Okoya / Journal of the Nigerian Mathematical Society 34 (2015) 331–342
Second grade fluid flows with constant viscosity over a stretching surface are the subject of considerable attention
in many boundary layer flows. Mamaloukas et al. [7] demonstrated the likeness of the free-parameter method and
the separation of variables method to determine the exact solution for the problem of boundary layer flow of an
incompressible viscoelastic second grade fluid along a stretching sheet. Hsiao [8] investigated MHD flow of a
second grade fluid near stretching sheet with electric and magnetic dissipation and non-uniform heat source/sink. His
investigation revealed that the electric dissipation parameter increased the heat transfer at the wall while the magnetic
dissipation parameter decreased it. The effect of small viscoelastic parameter in the presence of viscous dissipation
and work due to deformation was examined by Cortell [9].
Knowledge of radiative heat transfer in industries is of great importance. Particularly, thermal radiation effect in
power plant whose operation is at high temperature. Similarly, the relevance of heat source/sink in the management of
electronic devices and systems cannot be ignored. To this end, Hayat et al. [10] studied the effect of thermal radiation
in presence of viscous dissipation on second grade fluid. On the other hand, Bataller [11] examined the effects of
heat generation/absorption, thermal radiation, viscous dissipation and work due to deformation over a viscoelastic
stretching sheet.
Furthermore, Bhattacharyya et al. [12] investigated the effects of heat source/sink on the flow of two different
classes of viscoelastic fluid (second grade and Walters Liquid B) over a linearly stretching sheet. Vajravelu and
Roper [13] analysed the flow and heat transfer in a viscoelastic fluid over a stretching sheet with power law surface
temperature in presence of dissipation function, internal heat generation/absorption and work due to deformation. The
influence of space-temperature dependent heat source/sink in presence of heat radiation over porous stretching sheet
was studied by Chauhan and Olkha [14]. Various models of the second grade fluid problem have been studied by other
investigators such as Baris and Dokuz [15], Hayat et al. [16], Hameed et al. [17], Khan et al. [18], Akinbobola [19]
and Makanda et al. [20].
The influences of temperature dependent viscosity on viscoelastic fluid such as second grade fluid causes changes
in the properties of the fluid. For gases, the viscosity increases as temperature increases while for liquid it decreases
as temperature increases. Consequently, a large amount of research work has been devoted to study the effects of
many variable viscosity models. Massoudi and Phuoc [21] used Reynolds viscosity model to investigate the effect of
variable viscosity in a fully developed flow of non-Newtonian fluid down a heated inclined plane. The same Reynolds
law was used in generalised second grade fluid between two vertical parallel walls by Massoudi et al. [22]. Ramya
et al. [23] studied the effects of temperature dependent viscosity on flow and heat transfer in a viscoelastic fluid in a
porous medium. They assumed that the viscosity varies inversely as a function of temperature.
The property that describes the ability of a material to transfer heat is thermal conductivity and it plays a
significant role in cooling. However, thickness and temperature can affect thermal conductivity. Thus, the influence of
temperature dependent thermal conductivity in stretching sheet is of interest to researchers. Abel and Mahesha [24]
examined the effects of variable thermal conductivity, non-uniform heat source and dissipative heat in the presence
of thermal radiation on flow and heat transfer in viscoelastic fluid over a stretching sheet with an external magnetic
field. Ahmad [25] considered a viscoelastic model over a stretching plate and heat transfer with variable thermal
conductivity for two cases, namely: prescribed surface temperature and prescribed heat flux.
In view of the above research studies, it is evident that no analysis on the combined effects of temperature depen-
dent viscosity and thermal conductivity in the presence of heat source/sink, viscous dissipation, work done due by
deformation and thermal radiation in a second grade fluid flow has been carried out. Consequently, the main aim of
the present work is to fill in this gap. We, therefore, derived the relevant partial differential equations for our model,
employed similarity variables and obtained a coupled nonlinear ordinary differential equations which were solved
numerically. Tables and graphs of pertinent parameters featured prominently in the investigation.
2. Flow analysis
An incompressible homogeneous fluid of second grade has a constitutive equation given by [26] as
T = −PI+ µA1 + α1A2 + α2(A1)2. (1)
Here, T is Cauchy stress tensor, P is pressure, I is the unit tensor, µ(T¯ ) is the temperature dependent dynamic
viscosity, α1 and α2 are the material moduli while the kinematic tensors A1 and A2 are defined as
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A1 = ∇q⃗ + (∇q⃗)T , (2)
A2 = ∂A1
∂t
+ (q⃗ · ∇)A1 + A1(∇q⃗)+ (∇q⃗)TA1, (3)
where q⃗ is velocity of the flow field, t is the time and the superscript “T ” is the transpose. It is assumed that the flow
is incompressible, thermodynamically compatible and satisfies Clasius-Duhem inequality (i.e. µ(T¯ ) ≥ 0, α1 ≥ 0 and
α1 + α2 = 0) and ∇ =

∂
∂x ,
∂
∂y ,
∂
∂z

.
In the absence of any body forces, the conservation of mass and balance of linear momentum for incompressible
fluid are
div q⃗ = 0, (4)
and
ρ

∂q⃗
∂t
+ (q⃗ · ∇)q⃗

= div T, (5)
where ρ is the density.
For the problem under consideration with the Cartesian coordinates (x, y, z), we assume the flow is two-
dimensional, steady and laminar (see Fig. 1). We seek velocity of the form
q⃗ = (u(x, y), v(x, y), 0), (6)
and under the usual assumptions of boundary layer, the conservation of mass and the component of the momentum
balance are
∂u
∂x
+ ∂v
∂y
= 0, (7)
u
∂u
∂x
+ v ∂u
∂y
= 1
ρ
∂
∂y

µ(T¯ )
∂u
∂y

+ α1
ρ

∂
∂x

u
∂2u
∂y2

− ∂u
∂y
∂2v
∂y2
+ v ∂
3u
∂y3

, (8)
where u and v are the velocity components in x and y directions respectively. Here the temperature dependent viscosity
dynamical (µ) of the fluid can be expressed in the form (see Tshehla and Makinde [27], Soundalgekar et al. [3] and
the literature contained there-in)
µ(T¯ ) = µ0
1+ γ (T¯ − T0)
, (9)
and µ0 is the fluid viscosity at reference temperature T¯0 and the coefficient γ determines the strength of the
dependency between µ and T¯ . The boundary conditions to this problem are
u = ax, v = 0 at y = 0; u → 0, ∂u
∂y
→ 0 as y →∞, (10)
where a > 0. The condition ∂u/∂y → 0 is the augmented condition since the flow is in an unbounded domain.
Now, we define similarity variables and dimensionless temperature in the form
η =

a
ν
y, u = ax f ′(η), v = −√aν f (η), θ(η) = T¯ − T∞
Tw − T∞ (11)
where prime denotes differentiation with respect to η, Tw is the wall temperature and T∞ is the temperature of the
fluid far away from the surface sheet. It is easy to see that Eq. (11) satisfies Eq. (4). Substituting Eqs. (9) and (11) into
Eq. (8) gives the balance of linear momentum in the form
(1+ Λθ)2

( f ′)2 − f f ′′

− (1+ Λθ) f ′′′ + Λθ f ′′ − k1(1+ Λθ)2

2 f ′ f ′′′ + ( f ′′)2 − f f iv

= 0, (12)
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Fig. 1. Geometry of the flow.
where k1 = α1aµ0 (viscoelastic parameter), Λ = γ (Tw − T∞) (variable viscosity parameter). The boundary conditions
in Eq. (10) become
f (0) = 0, f ′(0) = 1, f ′(∞)→ 0, f ′′(∞)→ 0. (13)
It is interesting to note that the special case of constant viscosity (Λ = 0), Eq. (12) subject to (13) has a well-known
closed-form solution
f (η) = 1
m

1− e−mη , (14)
where m = (1+ k1)− 12 . Hence, the velocity components are
u = axe−mη, v = −
√
aν
m

1− e−mη . (15)
It is worth noting that for Λ ≠ 0, it is impossible to solve Eq. (12) subject to (13) and hence, substantial numerical
computation is required.
3. Heat transfer analysis
The basic boundary layer equation for the system heat transfer in the presence of temperature dependent thermal
conductivity, heat source/sink, radiation, viscous dissipation and work done by deformation is obtained in the
form [28]
u
∂ T¯
∂x
+ v ∂ T¯
∂y
= 1
ρC p
∂
∂y

K (T¯ )
∂ T¯
∂y

+ µ(T¯ )
ρC p

∂u
∂y
2
+ α1
ρC p

u
∂u
∂y
∂2u
∂x∂y
+ v ∂u
∂y
∂2u
∂y2

+ 1
ρC p
Q(T¯ − T∞)− 1
ρC p
∂qr
∂y
. (16)
The second, third and fourth terms that appear on the right-hand side of Eq. (16) concern the effects of viscous
dissipation, elastic deformation and linear heat source/sink, respectively. It is evident from Ahmad et al. [4] and
Khader and Megahed [29] that for liquid metals in the range from 0 ◦F to 400 ◦F, the thermal conductivity is assumed
to be
K (T¯ ) = K∞

1+ ϵ T¯ − T∞
Tw − T∞

(17)
where ϵ is the variable thermal conductivity parameter and K∞ is the thermal conductivity of the fluid far away from
the surface sheet.
Following Das [28] and the references cited there—in, the radiative heat flux term is
qr = −4σ
∗
3k∗
∂ T¯ 4
∂y
, (18)
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Table 1
Table of comparison showing authors and the special cases of our model problem.
Author ϵ k1 β Λ Ec Nr
Vivek and Aisha [5] Yes None Yes None None None
Hassan et al. [30] None Yes None None None None
Hayat et al. [31] None Yes None None Yes None
Abel et al. [32] None Yes Yes None Yes None
Soundalgekar et al. [3] None None None Yes None None
Ahmad et al. [4] None Yes None None Yes Yes
Khader and
Megahed [29]
Yes None None Yes Yes Yes
Present Work Yes Yes Yes Yes Yes Yes
where σ ∗ and k∗ are respectively Stefan–Boltzmann constant and the mean absorption coefficient. By using Taylor’s
series expansion at T¯ = T∞,
T¯ 4 ≈ 4T 3∞T¯ − 3T 4∞. (19)
Prescribed power law surface temperature is considered here, therefore, the boundary conditions are
T¯ = Tw
= T∞ + Axn at y = 0, T¯ → T∞ as y →∞, (20)
where A is the characteristics length and n is the index of the wall temperature power law. Using Eqs. (11), (17), (18)
and (19) in Eq. (16), we have the dimensionless temperature equation in the form
(1+ ϵθ + Nr )θ ′′ + ϵ(θ ′)2 + σ f θ ′ + σ(β − n f ′)θ + σ Ec

( f ′′)2
(1+ Λθ) + k1

f ′( f ′′)2 − f f ′′ f ′′′

= 0, (21)
subject to
f (0) = 0, f ′(0) = 1, f ′(∞)→ 0, f ′′(∞)→ 0, θ(0) = 1, θ(∞)→ 0, (22)
where σ = µ0C p/K∞ is the Prandtl number, Ec = a2x2−n/AC p is the local Eckert number, β = Q/aρC p is the heat
source/sink parameter, ν = µ0/ρ is the kinematic viscosity, and Nr = 16σ ∗T 3∞/3k∗k∞ is the radiation parameter.
It is natural to compare our mathematical model with existing models in literature as shown in Table 1. We conclude
from Table 1 that our model is a generalization of existing work.
It is also of interest to determine from the constitutive equation of a second grade fluid, the wall shear stress and
heat transfer parameter.
3.1. Skin friction
The wall shear stress is given as (see Hayat et al. [10])
τw = µ(T )∂u
∂y

y=0
+ α1

∂
∂x

u
∂u
∂y

+ v ∂
2u
∂y2
− ∂u
∂y
∂v
∂y

y=0
, (23)
while the skin friction coefficient is
C f = τw
ρu2
. (24)
In dimensionless form, Eq. (24) becomes
(Rex )
1
2 C f =

1
1+ Λ + 3k1

f ′′(0), (25)
where Rex = ax2ν is the local Reynold’s number.
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Table 2
Values of f ′′, f ′′′ and θ ′ for various η when σ = 10, β = 0.01, Ec = 0.5, ϵ =
0.8, Nr = 1, k1 = 0.9 and Λ = 2.
η f ′′ f ′′′ θ ′
0 −0.625022392365755 0.238197864127254 −1.21456484094779
2 −0.185611098187338 0.150231245347644 0.532244363505621
4 −0.0326617854322200 0.0291737724115532 −0.232384812215036
6 −0.00559152928546200 0.00481995045536082 −0.384883558982747
8 −0.00105837621517254 0.000861934706535506 −0.397182358901590
10 0 0.000523494105258594 −0.392150841547187
Table 3
Comparison of the values of −θ ′(0) for various thermal conductivity parameter, ϵ when
σ = 0.05, β = 0.03 and Λ = Ec = Nr = k1 = 0.
ϵ Vivek and Aisha [5] Present result Relative error
−θ ′(0)
0 0.223558 0.214790 3.90%
0.05 0.215792 0.209251 3.00%
0.1 0.204672 0.204212 0.20%
Table 4
Comparison of results of −θ ′(0) for various Prandtl number,
σ when k1 = 0.001 and Λ = ϵ = Ec = Nr = β = 0.
σ Hassan et al. [30] Present result Relative error
−θ ′(0)
0.7 0.453945 0.471718 3.90%
1.0 0.581992 0.587382 0.90%
10. 2.308013 2.307789 0.01%
3.2. Rate of heat transfer
The equation defining the Nusselt number in terms of the free convection and thermal radiation is given by
Nu = xqw
k(T )(Tw − T∞)

y=0
, (26)
where the wall heat flux as given by Bataller [11] is qw = −k(T )( ∂T∂y )y=0 + (qr )w and qr = − 16σ
∗
3k∗ T
3∞ ∂T∂y is the
radiative heat.
So the rate of heat transfer in dimensionless form reduces to
(Rex )
− 12 Nu = −

1+ ϵ + Nr
1+ ϵ

θ ′(0). (27)
4. Solution methodology
Eqs. (12) and (22) subject to boundary conditions (13) and (23) are solved numerically by Runge–Kutta 4th order
with shooting technique. First, the semi-infinite domain has to be truncated. In this case, the semi-infinite domain
η ∈ [0,∞) is carefully replaced by a finite domain η ∈ [0, 10) (or η ∈ [0, 15] for two special cases) after extensive
numerical computation. With this choice, numerical computation reveals that further increase beyond η = 10 (or
η = 15 for two special cases) does not significantly change the solution nor caused spurious solutions as fore warned
by Mclead and Rajagopal [33] and Mohyud-Din et al. [34]. Secondly, the velocity and temperature profiles, Nusselt
number, skin friction coefficient are presented graphically. The dimensionless higher order differential equations are
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Table 5
Wall temperature gradient for different values of pertinent
parameters.
ϵ k1 σ Ec β n Λ Nr −θ ′(0)
0.1 0.9 0.75 0.5 0.03 2 4 1 0.058019
0.4 0.051552
0.7 0.047392
1.0 0.045146
0.8 0.9 10 0.5 0.01 2 0 1 1.439960
2 1.214565
4 1.090994
6 1.033541
Fig. 2. Influence of viscoelastic parameter on temperature.
Fig. 3. Plot of horizontal velocity component f / against η.
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Fig. 4. Profiles of vertical velocity component f versus η.
Fig. 5. Influence of Prandtl number on temperature.
reduced to a system of first order differential equations by letting:
f = y1, f ′ = y2, f ′′ = y3, f ′′′ = y4, θ = y5, θ ′ = y6. (28)
Thus, the corresponding system of first order differential equations are:
y′1 = y2, y′2 = y3, y′3 = y4, y′5 = y6 (29)
(1+ Λy5)2

y22 − y1y3

= (1+ Λy5)y4 − Λy6y3 + k1(1+ Λy5)2

2y2y4 + y23 − y1y′4

(30)
(1+ ϵy5 + Nr )y′6 + ϵy26 + σ y1y6 + σ(β − ny2)y5 + σEc

y23
(1+ Λy5) + k1

y2y
2
3 − y1y3y4

= 0 (31)
subject to the boundary conditions
y1(0) = 0, y2(0) = 1, y3(0) = d1, y2(∞)→ 0, y3(∞)→ 0,
y5(0) = 1, y5(∞)→ 0, y4(0) = d2, y6(0) = d3, y4(∞) = d4. (32)
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Fig. 6. Influence of Eckert number on temperature.
Fig. 7. Effect of heat source/sink on temperature.
The unknown initial conditions d1, d2, d3 and d4 are assumed and the computations were carried out by using Maple
software. Convergence is achieved only when the absolute value of every unknown for the previous approximations
differ by 10−8 at all values of η in 0 ≤ η ≤ η∞. Table 2 provides the missing (unspecified) initial conditions at the
initial point (η = 0) and at other points of η > 0.
The present numerical code is compared with published numerical results for the limiting cases of Newtonian flow
(k1 = 0), constant viscosity (Λ = 0), negligible radiation (Nr ) and Eckert number (Ec) for various values of thermal
conductivity parameter (ϵ) and Prandtl number (σ ) in Tables 3 and 4. From Tables 3 and 4, it is evident that the data
generated by our code and those of Vivek and Aisha [5] as well as Hassan et al. [30] are in excellent agreement and
consequently, validating the present numerical code for our model.
5. Results and discussion
From Table 2, values of the missing (unspecified) initial conditions d1, d2, d3 and d4 (from Eq. (32)) are obtained.
Table 5 revealed that as thermal conductivity and viscosity parameters increase, the wall temperature gradient is
reduced. The numerical results obtained by employing different values of second grade parameter k1 on temperature
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Fig. 8. Effect of heat radiation parameter on temperature.
Fig. 9. Influence of index of the wall temperature power law on temperature.
and velocity profiles are illustrated in Figs. 2–4. It is evident that as k1 increases, the temperature reduces while both
horizontal and vertical components of the velocity increases.
Typical variations of the temperature profiles against η are shown in Figs. 5–9. In Fig. 5, the temperature reduces
as the Prandtl umbers increases. The influence of Eckert number, Ec and heat source/sink parameter, β are described
in Figs. 6 and 7. The temperature increases as Ec and β increases. It is evident that for heat sink (β < 0), the variation
is mild while for the heat source (β > 0), it is enhanced. Figs. 8 and 9 portray the effect of radiation parameter, Nr
and the index of the power law surface temperature, n. It is however observed that as Nr is increasing, the thermal
boundary layer increases but the thermal boundary layer is reduced as the surface temperature increases.
The skin friction is plotted against the viscosity parameter, Λ for various value of k1 in Fig. 10. As k1 increases,
the skin friction increases. In Fig. 11, the dimensionless rate of heat transfer decreased as radiation and thermal
conductivity parameters increase.
6. Conclusion
In this paper, we have numerically studied the problem of the steady two dimensional flow fields for a viscoelastic
fluid of second grade past a power law prescribed surface temperature sheet by incorporating the effects of
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Fig. 10. Variation of skin friction against variable viscosity for various value of viscoelastic parameter.
Fig. 11. Variation of Nusselt number versus thermal conductivity for various radiation parameter.
variable thermophysical properties. The results are presented through tables and graphs in order to illustrate the
parametric sensitivity of the flow and heat transfer characteristics The following conclusions can be deduce from
the investigation:
1. The flow fields of the second grade fluid are compared with those of a Newtonian fluid. Numerical results show
that the temperature (or velocities) for the special case of Newtonian fluid is an upper bound (or are lower bounds),
2. the viscoelastic parameter is to decrease the temperature distribution. Hence, effective cooling will be achieved
quickly even for viscoelastic fluid with high viscous dissipation,
3. the combined effects of Eckert number and heat source/sink parameter enhance the heat transport,
4. temperature distribution in the flow region can be reduced by increasing Prandtl number and surface temperature
parameter.
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